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Abstract
In this work we solved the time dependent Ginzburg-Landau equations to simulate homogeneous superconducting
samples with square geometry for several lateral sizes. As a result of such simulations we notice that in the Meissner
state, when the vortices do not penetrate the superconductor, the response of small samples are not coincident with
that expected for the bulk ones, i.e., 4piM = −H. Thus, we focused our analyzes on the way which the M(H) curves
approximate from the characteristic curve of bulk superconductors. With such study, we built a diagram of the size of
the sample as a function of the temperature which indicates a threshold line between macroscopic and bulk behaviors.
Keywords: TDGL, bulk, macroscopic
1. Introduction
The advances in nanofabrication techniques which
occurred on the last decades stimulated the production
and, consequently, experimental and theoretical studies
of superconducting samples with sizes of the order of
their fundamental lengths, i.e., λ(T ) and ξ(T ). In such
materials the superconducting properties and the vor-
tex dynamics are hugely affected by confinement ef-
fects. As a consequence, multi and giant vortex states
takes place [1–20] as well as the coexistence of vortex
and antivortex pairs.[6] Such systems also present oth-
ers exotic behaviors as non-quantized vortex penetration
[21] and the arrangement of the vortex lattice in several
geometries which follow the symmetry of the samples
[1, 4, 8, 22–31].
Recently, theoretical studies with mesoscopic super-
conductors of type I shown that an applied current in
a slab induced the penetration and annihilation of sin-
gle quantized vortex in the intermediate state [32]. The
confinement effects can also induced the suppression of
the intermediate state and drastically changed the size
and temperature dependence of the critical fields of such
materials [33].
It is interesting to note that, in all cited works, the
mesoscopic superconductors are treated, generically, as
materials of reduced dimensions of the order of λ(T ) or
ξ(T ). However, no much attention is done on the real
sizes for which a sample could be defined as a meso-
scopic specimen. Thus, it is worth to emphasize that
the knowledge of the relation between size and super-
conducting behavior is very important to guide the re-
searchers in their theoretical and experimental studies.
Recently, Connolly et al. [34] published a work where
they used a criterion based on the competition between
the Abrikosov vortex lattice and a shell-like ordering
to define a meso-to-macroscopic crossover of a super-
conducting disk. With the same purpose, the authors of
the Ref. [26] proposed the existence of a threshold line
between mesoscopic and macroscopic superconducting
behaviors. For the mesoscopic-like behavior, the con-
finement effects are strong enough to induce a crossover
of the the vortex lattice and the vortices arrangement
follows the symmetry of the sample. Nevertheless, the
macroscopic behavior is mainly characterized by some
volumetric properties like the value of the upper critical
field Hc2(T ) and the presence of the hexagonal vortex
lattice. However, in this state the outer vortices are in-
fluenced by the surface and are arranged in a kind of
shell.
A possible question that should arise from such anal-
ysis is about the typical sizes for which the surface ef-
fects could be neglected. Thus, in the present work we
determined a possible threshold line between the macro-
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scopic and bulk behaviors. This last one have been de-
fined as the samples for which the influence of the sur-
face on the vortex dynamics could be neglect. In this
way, the outline of our work is as follow. First, in sec-
tion 2, we provide an overview of the theoretical for-
malism used to run the simulations. Next, in section
3 we describe some definitions used in this paper and
an overview of a previous work which was the motiva-
tion for the present one. In the remainder sections 4 and
5 we discuss our results and the criteria used to obtain
the crossover line between macro-to-bulk behaviors and
present our conclusions.
2. Theoretical Formalism
The phenomenological theory developed by
Ginzburg and Landau (GL for short) [35] is a very
important tool to study the behavior of type I and type
II superconductors. In such theory, the superconducting
state is described by a complex order parameter ψ, for
which the physical quantity |ψ|2 represents the density
of superconducting carriers, i.e., the Cooper pairs, and
the vector potential A which is related with the local
magnetic field by h = ∇ × A. The Ginzburg-Landau
equations in their time-dependent form are expressed
by [36]
(
∂
∂t
+ iΦ
)
ψ = − (−i∇ − A)2 ψ
+(1 − T )ψ(1 − |ψ|2) ,
β
(
∂A
∂t
+ ∇Φ
)
= Js − κ2∇ × h , (1)
where Js = (1 − T )< [ψ∗ (−i∇ − A)ψ] is the supercur-
rent density, and Φ is the scalar potential; these two
equations are commonly referred to as time dependent
Ginzburg-Landau equations (TDGL for short). Thus,
the time evolution of a superconducting system and,
consequently, the evolution of the vortices even in non-
stationary states, could be followed. However, for our
purposes, we will use the TDGL equations just as a re-
laxation method to achieve the stationary state. This is
only a matter of convenience, since we could solve the
GL equations by other means. For example, we could
solve then by finite elements methods (see for instance
Ref. [37].
Here, the distances are measured in units of the co-
herence length at zero temperature ξ(0); the magnetic
field is in units of the zero temperature upper critical
field Hc2(0); the temperature T is in units of the critical
temperature Tc; the time is in units of the characteristic
time t0 = pi~/8kBTc; κ is the Ginzburg-Landau param-
eter; β is the relaxation time of A, related to the con-
ductivity. Rigorously speaking, the Ginzburg-Landau
theory is applicable only for temperatures close to Tc.
However, as we are interested in a general feature of
a threshold line between macro-to-bulk superconduct-
ing behaviors, we have adopted a linear dependence
with respect to the temperature for the phenomeno-
logical parameters in the Ginzburg-Landau theory, i.e.,
Hc2(T ) = Hc2(0)(1 − T ).1 It is interesting to empha-
size that the Ginzburg-Landau theory was proven to give
good qualitative results in mesoscopic superconductors
even at low temperature, despite the microscopic deriva-
tion of the Ginzburg-Landau equations being valid only
for T very close to Tc [38, 39]. For better quantita-
tive comparisons at low temperatures, one should em-
ploy Boguliobov-deGenes[40–45], Eilenberger[46–50],
or recently developed Extended GL model[51].
In this work we solved the TDGL equations for very
long cylinders of square cross section and with several
lateral sizes, expressed by L/ξ(0), as described in ref-
erences [26, 31]. Those equations were discretized fol-
lowing the link variables method as developed by Gropp
and coworkers [52]. It is interesting to emphasize that
the TDGL equations, even in their discretized form, are
gauge invariant under the transformations ψ′ = ψeiχ,
A′ = A + ∇χ, Φ′ = Φ − ∂χ/∂t, where ψ is the order
parameter, A is the vector potential, Φ is the scalar po-
tential and χ is a scalar function. In this study we chose
the zero-scalar potential gauge, that is, Φ′ = 0, at all
times and positions.
The simulations were carried out for a type II super-
conductor with κ = 5, and we focused the analyzes
on the Meissner state, i.e., the region of small inten-
sities of magnetic fields which were applied along the
cylinder axis. The field was incremented in steps of
∆H = 10−3. Although the TDGL equations can pro-
vide all the metastable states of a fixed field, as stressed
previously, in the present work we studied only the sta-
tionary states. We used the value of β = 1. This choice
has no influence on the final configuration of the station-
ary state since it affects only the time steps to achieve
the steady state.[53]
1We have chosen the simplest model for the temperature depen-
dence of the physical quantities. Other better choices which are valid
for T well below the critical temperature do not invalidate the present
investigation, since our main aim is to show that there is a length scale
for which we have a meso-to-bulk crossover, no matter what is tem-
perature dependence of Hc2(T ).
2
3. Crossover Criteria
In order to facilitate the discussion of our results,
in this work we have used the following terminology.
First, by mesoscopic we mean a superconductor of di-
mensions such that the vortex lattice is mostly influ-
enced by the geometry of the sample. In addition, in
the mixed state, the magnetization is not a smooth func-
tion of the applied field; it has a series of jumps which
indicate the nucleation of one or more vortices. Sec-
ond, according to references [26, 31], as the size of
the sample is increased, there is a length scale above
which deep inside the superconductor, the vortex lattice
is not perturbed by the surface effects, although they
are still present. In this regime, which we denote by
macroscopic, the vortices are arranged nearly as a tri-
angular lattice, except near the surface where there are
some distortions. Also, in the mixed state, the height
of the jumps in the magnetization curves are very small
so that it approaches to a continuous line. Finally, by
bulk superconductors we mean those with an infinite
size such that the vortex configuration is a perfect trian-
gular lattice through the whole sample. In other words,
an ideal superconductor for which all surface effects are
suppressed.
Recently, by solving the TDGL equations for many
dimensions of a square and many temperatures, the au-
thors of reference [26] developed a work where they
built a diagram of the size of square superconduct-
ing samples versus the temperature, Lc(T ), as shown
in the inset of Fig. 1. This diagram delimits two dis-
tinct behaviors of type II superconductors, i.e., they
have shown the existence of a threshold line between
mesoscopic and macroscopic superconducting behav-
iors. This curve is quite different of the penetration
depth of the material, λ(T ), which is commonly used
as the definition for the typical size of mesoscopic sam-
ples. Thus, the curve Lc(T ) represents the meso-to-
macro crossover, that is, a length which nearly sep-
arates the mesoscopic and macroscopic regimes de-
scribed above. We must stress that this is not a phase
transition. Instead, it is a smooth change from one
regime to another.
The criterion used in [26, 31] to obtain the meso-to-
macro crossover was based on the surface barrier for
the first penetration of vortices inside the superconduc-
tor. In Fig. 1, we show the magnetization curve M(H)
as a function of the applied field H for a superconduct-
ing square of sizes L = 26ξ(0) and L = 44ξ(0), and
temperature T = 0.375Tc. In this figure we indicate the
minimum of the magnetization as Hm, and by H j the
field which corresponds to the first nucleation of vor-
Figure 1: (Color online) Magnetization versus applied magnetic field
curve for superconducting squares of sizes L = 26ξ(0) and 44ξ(0) at
T = 0.375Tc. As L/ξ(0) increases, H j and Hm become close one each
other and when they are coincident the corresponding size is chosen
as the threshold point between meso-to-macro behaviors for such tem-
perature. The inset shows the Lc(T )/ξ(0) diagram in comparison with
λ(T ).
tices. We can easily observe that, as L/ξ(0) increases,
Hm and H j become very close to one each other. When
we achieve a determined length L/ξ(0) for which these
two values of the applied field are equal, within a certain
precision, we approach the meso-to-macro crossover. In
[26] we explain in more details the physical basis of the
criterion. We then repeat the procedure for several tem-
peratures and obtain an Lc(T )/ξ(0) diagram.
In the present work, we will focus on the macro-to-
bulk crossover. The criterion which we will rely on is
the initial slope of the magnetization curve in the Meiss-
ner state. In the next section we will describe this cri-
terion in more details. We will see that as L/ξ(0) in-
creases, in the Meissner state, the curve M(H) moves to-
ward the expected bulk line 4piM(H) = −H. Rigorously
speaking, we would only achieve the bulk regime for
L = ∞. Since we are only interested in a crossover, we
will relax this criterion and use a slope which is slightly
larger than −1, say, −0.999. Of course there is an arbi-
trariness in this criterion. The best choice of the incli-
nation only could be tested experimentaly, in which the
surface effects should be minimally reduced.
4. Results and Discussion
We simulated several samples with different lat-
eral sizes for four values of temperature, T/Tc =
0.0; 0.3125; 0.6500 and 0.8750, where Tc is the criti-
cal temperature. As an illustration of the criterion used,
in Fig. 2 we show the M(H) curves, normalized by
3
Figure 2: (Color online) Magnetization as a function of the applied
magnetic field for several values of the samples size for T/Tc = 0.0
and 0.8750. We can note that as L/ξ(0) increases, the curves approxi-
mate the Meissner line which is predicted for bulk samples.
the upper critical field at zero temperature, Hc2(0), at
T/Tc = 0.0 and 0.8750, for several values of L/ξ(0).
We can notice that, as the lateral size of the sample in-
creases, the Meissner line moves toward the bulk curve,
i.e., 4piM = −H. However, even for L = 2000ξ(0) the
curves are not entirely coincident with the bulk one, al-
though are very closed to.
Running the simulations for the entire range of ap-
plied field H, until the destruction of superconductivity,
becomes unfeasible as L increases. However, since we
are interested only in the slope, denoted by α(L/ξ(0)),
of the M(H) curves for low values of H, only a few
values of applied field were sufficient. Therefore, we
could run our simulations for sizes until L = 2000ξ(0).
In this way we plotted α(L/ξ(0)) for the four studied
temperatures as shown in the main panel of Fig. 3.
Such curves were fitted by the exponential expression,
α(L/ξ(0)) = α0[(L/ξ(0))−ne−L/L0 ] − 1, where α0, n and
L0 are adjustable parameters which were maintained
free in such process, and the value −1 is the angular
coefficient for bulk samples normalized by 4pi.
To choose the best parameters to fit the data of Fig. 3,
we analyzed the fit quality for several amount of points.
To count the number of points, we fixed the last one,
i.e., L/ξ(0) = 2000, and started from it. Fig. 4 shows the
curves of the fit quality for T/Tc = 0.3125 and 0.8750
as a function of the number of points used in each fitting
process. The adjustable parameters were obtained from
the best quality fit point of Fig. 3 and were used to ex-
trapolate the data until we reach the bulk region. Those
fitted curves are connecting the data of Fig. 3 and their
extrapolation part are shown in the inset of the same fig-
ure.
Figure 3: (Color online) Angular coefficient of the M(H) curves as a
function of the size of the sample for T/Tc = 0.0; 0.3125; 0.6500 and
0.8750. The horizontal line is the angular coefficient of bulk samples.
The lines which connect the data were obtained by an exponential
expression used to fit each curve.
We considered as the criterion for the beginning of
the bulk behavior, the point of the fitted curve which
reached 0.1% of the value of α predicted for bulk sam-
ples, i.e., in our case, −1, as shown in the inset of Fig. 3.
By this analyses a diagram of the size of the sample as a
function of the temperature, Lc(T )/ξ(0), was built. Such
diagram gives us a reference of the threshold between
the macroscopic and the bulk behaviors, as shown in
Fig. 5. It is worth noticing that by a macroscopic behav-
ior we mean the fact that the Abrikosov vortex lattice is
formed in the sample, in contrast with that occurs in the
mesoscopic regime [26, 31], although the presence of
surface superconductivity is still present, as illustrated
in the lower inset of Fig. 5. On the other hand, for the
macroscopic behavior, we can neglect the surface con-
tribution, as illustrated by the upper inset of Fig. 5. In
other words, the vortex configuration in the bulk regime
is not influenced by surface for values of L larger than
critical length Lc(T ).
In references [26, 31] we have demonstrated that the
meso-to-macro threshold line can be fitted as Lc(T ) =
Lc(0)(1 − T/Tc)ν, having Lc(0) and ν as fitting param-
eters. Since we have a few values of Lc(T ) we did not
attempt to adjust the curve of Fig. 5, although it is very
similar to Fig. 7 of [26] where we had many more crit-
ical points. The difference in both curves is their am-
plitude, that is, the value of the critical length at zero
temperature is very significant. In fact, from Fig. 4
we obtain Lc(0) = 25105ξ(0) for the macro-to-bulk
crossover, whereas for the meso-to-macro crossover we
4
Figure 4: (Color online) Fit quality as a function of the number of
points considered in the fitting process for T/Tc = 0.3125 and 0.8750.
The number of points were counted from the last point of each curve
of Fig. 2 which was maintained fixed. The adjustable parameters were
chosen from the best quality point.
Figure 5: (Color online) Sample size versus temperature diagram. The
data were obtained from the point of the fitted curve which rich 0.1%
of the value of α(L/ξ(0)) predicted for a bulk sample. The upper and
lower inset are only representative of the macroscopic and bulk be-
haviors respectively.
have Lc(0) = 36.5ξ(0) (see inset of Fig. 1).
5. Conclusion
We studied the behavior of the characteristic curves
of the Meissner state for homogeneous superconducting
samples with square geometry. From this investigation
we observed that as the lateral size of the samples is
increased, the M(H) curves move toward the character-
istic Meissner line of bulk materials, i.e., 4piM = −H.
Thus, by the study of the angular coefficient of such
curves we built a diagram which gives us a reference
of the threshold between macroscopic and bulk behav-
iors. We quote the threshold sizes of L/ξ(0) = 25105
and L/ξ(0) = 75595 for T/Tc = 0.0 and T/Tc = 0.875
respectively, as examples.
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Abstract
In this work we solved the Time-Dependent Ginzburg-Landau equations to simulate homogeneous superconducting
samples with square geometry for several lateral sizes. As a result of such simulations we notice that in the Meissner
state, when the vortices do not penetrate the superconductor, the response of small samples are not coincident with
that expected for bulk ones, i.e., −4piM = H. Thus, we focused our analyzes on the way which the M(H) curves
approximate from the characteristic curve of bulk superconductors. With such study, we built a diagram of the size of
the sample as a function of the temperature which indicates a threshold line between macroscopic and bulk behaviors.
Keywords: TDGL, bulk, macroscopic
1. Introduction
The phenomenological theory developed by
Ginzburg and Landau, GL, [1] is a great tool
to study the behavior of type I and type II
superconductors.[3, 4, 5, 6] In such theory, the su-
perconducting state is described by a complex order
parameter, ψ, for which the physical quantity, |ψ|2,
represents the density of superconducting carriers,
i.e., the Cooper pairs. Therefore, in regions where the
local value of |ψ|2 is small, the superconductivity is
suppressed.
In 1966, Schimid [2] published a work where he in-
corporates a time dependence in the superconducting
order parameter and in the vector potential of the GL
equations. With this incorporations, the time evolution
of a superconducting system and, consequently, the evo-
lution of the vortices even in non-stationary states, could
be followed. Since then, lots of theoretical work has
been developed mainly of them focused on the study of
mesoscopic superconductors. [7, 8, 9, 10, 11, 12, 13]
Recently, Zadorosny and coworkers [14] published a
work where they built a diagram of the size of square
superconducting samples versus the temperature, L(T ).
This diagram delimits two distinct behaviors of type
II superconductors, i.e., they shown the existence of a
threshold line between macroscopic and mesoscopic su-
perconducting behaviors. This curve is quite different
of the penetration depth of the material, λ(T ), which is
commonly used as the definition for the typical size of
mesoscopic samples. In such work we can also note that
as the size of the simulated samples increases, the M(H)
curves for low magnetic fields, i.e., in the Meissner re-
gion, move toward the expected bulk line . Focused on
this observation, in the present work we studied the evo-
lution of the Meissner response of simulated samples as
their lateral size is changed.
For this interim we solved the Time-Dependent
Ginzburg-Landau equations, TDGL, to simulate homo-
geneous superconducting samples with square geome-
try for several lateral sizes. Thus, we plotted the angu-
lar coefficient as a function of L and used an exponen-
tial expression to fit the data. With the fitted parameters
the curve was extrapolated and we could infer a point
as the limit for the bulk behavior. Such procedure was
repeated for some values of temperature and a diagram
was built.
2. Theoretical Formalism
In this work we solved the TDGL equations for in-
finity cylinders of square cross section and with sev-
eral lateral sizes, expressed by L/ξ(0), where ξ(0) is the
coherence length, as described in Refs.[7, 14]. Those
equations was discretized following the link variables
method as developed by Gropp and coworkers. [15] It is
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Figure 1: (Color online) Magnetization as a function of the applied
magnetic field for several values of the samples size for T/Tc = 0.0
and 0.8750. We can note that as L/ξ(0) increases, the curves approxi-
mate from the Meissner line which is predicted for bulk samples.
interesting to emphasize that the TDGL equations, even
in their discretized form, are gauge invariant under the
transformations ψ′ = ψeiχ, A′ = A+∇χ, Φ′ = Φ−∂χ/∂t,
where ψ is the order parameter, A is the vector potential,
Φ is the scalar potential and χ is a scalar function. In this
study we chose the zero-scalar potential gauge, that is,
Φ = 0, at all times and positions.
The simulations were carried out for a type II su-
perconductor, κ = 5, and we focused the analyzes on
the Meissner state, i.e., the region of small intensi-
ties of magnetic fields which were applied along the
cylinder axis. The field was incremented in steps of
∆H = 10−3. Although the TDGL equations can provide
all the metastable states of a fixed field, in the present
work we studied only the stationary states.
3. Results and Discussion
We simulated several samples with different lat-
eral sizes for four values of temperature, T/Tc =
0.0; 0.3125; 0.6500 and 0.8750, where Tc is the criti-
cal temperature. The Fig. 1 shows the M(H) curves,
normalized by the upper critical field at zero tempera-
ture, Hc2(0), at T/Tc = 0.0 and 0.8750, for some val-
ues of L/ξ(0). We can note that, as the lateral size of
the sample increases, the Meissner line moves toward
the bulk curve, i.e., −4piM = H. However, even for
L = 2000ξ(0) the curves are not coincident.
As it is not possible to run simulations for sizes big-
ger than 2000ξ(0) using our code, alternatively we stud-
ied the behavior of the angular coefficient, α, of the
M(H) curves. In this way we plotted α(L/ξ(0)) for the
four studied temperatures as shown in the main panel of
Figure 2: (Color online) Angular coefficient of the M(H) curves as a
function of the size of the sample for T/Tc = 0.0; 0.3125; 0.6500 and
0.8750. The horizontal line is the angular coefficient of bulk samples.
The lines which connect the data were obtained by an exponential
expression used to fit each curve.
Fig. 2. Such curves was fitted by the exponential expres-
sion, α(L/ξ(0)) = α0[(L/ξ(0))−ne−L/L0 ] − 1, where α0,
n and L0 are adjustable parameters which were main-
tained free in such process, and the value −1 is the an-
gular coefficient for bulk samples normalized by 4pi.
To choose the best parameters to fit the data of Fig. 2,
we analyzed the fit quality for several amount of points.
To count the number of points we fixed the last one, i.e.,
L/ξ(0) = 2000, and started from it. Fig. 3 shows the
curves of the fit quality for T/Tc = 0.3125 and 0.8750
as a function of the number of points used in each fit-
ting process. The adjustable parameters were obtained
from the best quality fit point of Fig. 3 and were used
to extrapolate the data until rich the bulk region. Those
fitted curves are connecting the data of Fig. 2 and their
extrapolation part are shown in the inset of the same fig-
ure.
We considered as the criterion for the beginning of
the bulk behavior, the point of the fitted curve which
reached 0.1% of the value of α predicted for bulk sam-
ples, i.e., in our case, −1, as shown in the inset of Fig. 2.
By this analyze a diagram of the size of the sample as
a function of the temperature, L/ξ(0)(T/Tc), was build.
Such diagram gives us a reference of the threshold be-
tween the macroscopic and bulk behaviors, as shown in
Fig. 4. It is worth to note that by a macroscopic behav-
ior we mean the fact that the Abrikosov vortex lattice is
formed in the sample, in contrast which occurs in meso-
scopic ones [7, 14], however, the presence of surface
superconductiviy is already noted, as illustrated in the
2
Figure 3: (Color online) Fit quality as a function of the number of
points considered in the fitting process for T/Tc = 0.3125 and 0.8750.
The number of points were counted from the last point of each curve
of Fig. 2 which was maintained fixed. The adjustable parameters were
chosen from the best quality point.
lower inset of Fig. 4. On the other hand, for the bulk
behavior, we can neglect the surface contribution, as il-
lustrated by the upper inset of Fig. 4.
4. Conclusion
We studied the behavior of the characteristic curves
of the Meissner state for homogeneous superconduct-
ing samples with square geometry. For such analyzes
we observed that as the lateral size of the samples is
increased, the M(H) curves move toward the character-
istic Meissner line of bulk materials, i.e., −4piM = H.
Thus, by the study of the angular coefficient of such
curves we built a diagram which gives us a reference
of the threshold between macroscopic and bulk behav-
iors. We cited the threshold sizes of L/ξ(0) = 25, 105
and L/ξ(0) = 75, 595 for T/Tc = 0.0 and T/Tc = 0.875
respectively, as examples.
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